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1. Introduction 



D-branes are extremely interesting objects in string theory and thus their study is still 
matter of vigorous research (for a review see JlJ). Many surprises have been found in the 
study of various physical situations of D-branes and surely many other surprises remain to 
be discovered in the near future. Among their multiple applications D-branes have been 
used to study the strong coupling dynamics of supersymmetric field theories in various 
dimensions through the construction of configurations of intersecting branes (for a review 
see [U). Gauge theories in p + 1 dimensions with sixteen supercharges can be obtained as 
the world- volume theories of flat infinite Dp-branes. Intersecting brane configurations are 
described by BPS bound states of the corresponding superstring theory where the D-brane 
is living. Intersection of D-branes generically has zero fermionic modes which are chiral 
and therefore anomalous on the branes. D-branes carries RR charges and the definition of 
this charge, may be given through the implementation of this anomaly cancellation via the 
inflow mechanism from the bulk where the D-branes are living 0. The consideration of 
these facts in topological terms and a further generalization to non-trivial normal bundle 
to the cycles where the D-branes are wrapped lead to a formula for the brane charge which 
widely suggest that it takes values not in the homology of spacetime but in the K-theory 
of the spacetime . 

Recently some works have been made in the context of stable non-supersymmetric 
states (non-BPS states) in field theory || and string theory [f^|^,|9|, |T0i[TT|JT^1 . In particular, 



in string theory context, Sen have shed light on the structure of stable non-BPS states in 
type I and II superstring theories by constructing non-BPS states through the consideration 
of brane-antibrane pairs and their dynamical properties H. Boundary state analysis of 
these configurations leads to a world-volume field theory, on the brane pair, without the 
usual super Maxwell multiplet but with a tachyon field on the world-volume which survives 
the GSO projection. Potential of the tachyon field of this system is shown to be of the same 
form as the potential for a kink-anti-kink topological defect which interpolates between the 
two minima of the tachyonic potential. This system is already not supersymmetric but it 
has an stable vacuum. The vacuum configuration is reached through the mechanism of 
tachyon condensation. Generalization to other higher dimensional topological defects was 
considered as well in M. 



Following Sen's results very recently Witten [13|, classified the non-supersymmetric 



brane configurations in terms of the mathematical structure known as topological K-theory 
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(for some reviews see [15,15,16,17]]). Some earlier evidence of the possible relation between 
D-branes and K-theory can be found in [ I8|] . At the same paper Witten found further 
evidence that D-brane charge takes values in the K-theory of the spacetime manifold as 
before suspected in ||. Non-BPS states of some brane configurations are classified accord- 
ing to the Type of superstring theory we are dealing. For instance, in Type IIB theory, 
non-BPS states and their lower dimensional BPS-branes are classified by the complex K- 
theory group K(X) with X the spacetime manifold. In Type I theory non-BPS objects 
are classified by the real K-theory group KO(AT). Non-BPS states in Type IIA (and their 
possible lifting to M-theory) are not well understood, however these states are classify 
by K(X x S 1 ). Among other further natural generalizations, Witten argued in |13|] that 
the correct description of non-BPS states in orbifold singularities is given in terms of the 
equivariant K-theory (for a review of equivariant K-theory see fK)| , pU| , pT|| ) . 

In this paper we continue this analysis of configurations of pairs of branes-antibranes 
in string theories described by K-theory. In particular we give the first steps to study 
configurations of D-brane pairs in orbifold singularities. We will see that equivariant K- 
theory is the natural language to describe these configurations, just as it was argued in 

We find that many results, including the global construction of fl3[] , hold also in the 
equivariant case with minor changes. However, we shall stress the differences and explain 
some subtleties. 

After the previous discussion we apply this formalism to the specific case of six- 
dimensional gauge theories on the world volume of Type IIB and I BPS-fivebranes (con- 
structed from nine-brane pairs) on a general orbifold singularities. Although the construc- 
tion is valid for general orbifolds, in order to connect with some well known results of 
branes in orbifolds, we will restrict ourselves to the case of branes on ALE singularities 
22] , p3| , |2^j25|1 , leaving the theories of D3 branes on C 3 /Tq [26| and Dl branes on C /Tq 



27fl for further investigation. We have placed coincident fivebranes at at fixed point of the 



ALE singularity parametrized by the transverse coordinates to the fivebrane. Following 
Witten |L|], the fivebrane charge is now determined by the equivariant K-group of the 
compact space of the transverse directions to the fivebranes or (in the non-compact case) 
by the corresponding K-group with compact support. The transverse space is given by a 
ALE space which is seen as the minimal resolution of the orbifold C 2 /Tg with Tq a discrete 
subgroup of SU(2). We will make contact with the Kronheimer-Nakajima construction of 
Yang-Mills instantons on ALE spaces |2^,^9| . We show that all information concerning the 
description of non-trivial RG fixed points of six-dimensional theories in ALE singularities 
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1 3(],23, 25] in Type I and IIB theories, is contained in the K-theoretic description and thus 
it admits a derivation in pure K-theoretic grounds. 

The structure of this paper is as follows, in Section 2 we briefly review Witten descrip- 
tion of non-BPS states in terms of K-theory. Section 3 is devoted to study non-BPS states 
in orbifold singularities and their classification in terms of equivariant K-theory. In Section 
4 we discuss in detail the problem of BPS-fivebranes in ALE singularities in Type I and 
IIB superstring theories. We find a nice relation with Kronheimer-Nakajima construction 
of instantons and the description of nontrivial RG fixed points of theories in six dimensions 
is derived from the mathematical formalism of equivariant K-theory. In the process we 
discuss the origin of the index theorem for ALE manifolds from the equivariant K-theory. 
In Section 5 we will provide the formula for the charge of the brane in orbifold singularities 
derived from K-theoretical considerations. Finally is Section 6 our concluding remarks are 
given. 



2. K-theory Description of Pairs D-brane-anti-D-brane 

In this section we briefly review the Witten's construction of D-brane pairs and their 



relation to topological K-theory following []T3[]. Our aim is not provide and extensive 



review, but only recall the relevant structure which will be needed in the following sections. 



Throughout this paper we will follow the notation introduced by Witten in |T3 



2.1. Review of Witten's Construction 
K-Theory Structure 

In order to fix some notation let X be the ten-dimensional spacetime manifold and 
let W be a (p + 1) -dimensional submanifold of X. Branes or antibranes or both together 
can be wrapped on W. When configurations of iV coincident branes or antibranes only are 
wrapped on W. the world-volume spectra on W consists of a vector multiplet and scalars 
in some representation of the gauge group. These configurations can be described through 
Chan-Paton bundles which are U(iV) gauge bundles E over W for Type II superstring 
theory and by SO(iV) or Sp(iV) bundles in Type I theory. Gauge fields from the vector 
multiplet define a U(iV) gauge connection for Type II theory (or SO(iV) or Sp(iV) gauge 
connection for Type I theory) on the (corresponding) Chan-Paton bundle. GSO projection 
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cancels the usual tachyonic degrees of freedom. Something similar occurs for the anti-brane 
sector. 

The description of coincident N± p-branes and N2 p-antibranes wrapped on W leads 
to the consideration pairs of gauge bundles (E, F) (over W) with their respective gauge 
connections A and A' . In the mixed configurations GSO projection fails to cancel the 
tachyon. Thus the system is unstable and may flow toward the annihilation of the brane- 
antibrane pairs with RR charge for these brane configurations being conserved in the 
process [f7y^, [T0i|l3| . 



On the open string sector Chan-Paton factors are 2x2 matrices constructed from 
the possible open strings stretched among the different types of branes. Brane-brane 
and antibrane-antibrane sectors correspond to the diagonal elements of this matrix. Off- 
diagonal elements correspond with the Chan-Paton labels of an oriented open string start- 
ing at a brane and ending at an antibrane and the other one to be the open string with 
opposite orientation. 

The physical mechanism of brane-antibrane creation or annihilation without violation 
of conservation of the total RR charge, leads to consider physically equivalent configu- 
rations of N\ branes and N2 antibranes and the same configuration but with additional 
created or annihilated brane-antibrane pairs. 

The relevant mathematical structure describing the brane-antibrane pairs in general 
type I and II super string theories is as follows: 

i) -. G± and G2 gauge connections A and A' on the Chan-Paton bundles E and F over W, 

respectively. Bundles E and F corresponding to branes and antibranes are topologi- 
cally equivalent. The groups Gi and G2 are restricted to be unitary groups for Type 
II theories and symplectic or orthogonal groups for Type I theories. 

ii) -. Tachyon field T can be seen as a section of the tensor product of bundles E <g> F* and 

its conjugate T as a section of E* ® F (where * denotes the dual of the corresponding 
bundle.) 

iii) -. Brane-antibrane configurations are described by pairs of gauge bundles (E, F). 

iv) -. The physical mechanism of brane-antibrane creation or annihilation of a set of m 9- 

branes and 9-antibranes is described by the same U(m) (for Type II theories) or SO (to) 
(for type I theories) gauge bundle H. This mechanism is described by the identification 
of pairs of gauge bundles (E, F) and (E © H, F © H). Actually instead of pairs of 
gauge bundles one should consider classes of pairs of gauge bundles [(E, F)] = [E] — [F] 
identified as above. Thus the brane-antibrane pairs really determine an element of 
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the K-theory group K(X) of gauge bundles over X and the brane-antibrane creation 
or annihilation of pairs is underlying the If -theory concept of stable equivalence of 
bundles!. 



Consistency conditions for 9-branes (p = 9) in Type IIB superstring theory such 
as tadpole cancellation implies the equality of the ranks of the structure groups of the 
bundles E and F. Thus rk(Gi) = rh(G2)- The 'virtual dimension' D of an element (E, F) 
is defined by D = rk{G\) — rk{G2)- Thus tadpole cancellation leads to a description of 
the theory in terms of pairs of bundles with virtual dimension vanishing, D = 0. This is 
precisely the definition of reduced K-theory, K(X). Thus consistency conditions implies 
to project the description to reduced K-theory. 

In Type I string theory 9 — 9 pairs are described by a class of pairs (E, F) of SO(iVi) 
and SO(A^2) gauge bundles over X. Creation-annihilation is now described through the 
SO(/c) bundle H over X. In Type I theories tadpole cancellation condition is N1 — N2 = 32. 
In this case equivalence class of pair bundles (E, F) determines an element in the real K- 
theory group KO(X). Tadpole cancellation iV~i — N 2 = 32, newly turns out into reduced 
real K-theory group KO(X). 

Type IIA theory involves more subtle considerations worked out in [|13| . It was argued 
by Witten in |13[ that configurations of brane-antibrane pairs are classified by the K-theory 



group of spacetime with an additional circle space S 1 x X. K-theory group for type IIA 
configurations is K(S 1 x X). 

Finally, it is also shown in [O] that for both Type I and II theories, the consideration 
of non-compact usual spacetime X = R 4 x Q (where Q some compact space) with ap- 
propriate boundary conditions at infinity leads to vacuum configurations with branes. In 
the language of K-theory this means that a non-zero K-theory class [(E, F)] is equivalent 
to the trivial class at infinity. Non-compact spacetimes X require K-theory with compact 
support, but with the boundary conditions at infinity the difference between ordinary and 
reduced K-theory is irrelevant for the most of physical applications. 



2 For 9-branes, the embedded submanifold W coincides with X and the thus brane charges take values 
in K-theory group of X. 



Lower Dimensional Branes 

We now review Witten's global construction of lower dimensional p-branes, with p < 9 
from higher-dimensional branes. The flat case will be recovered when it is required only 
one global coordinate system. The key argument is that it is possible to construct p-branes 
as the bound state of 2 n_1 pairs of (p + 2n)-branes and antibranes [^,|13|. 

Let Z be a (p + l)-dimensional closed orientable submanifold of Y . This latter is also 
a (p + 1 + 2n) -dimensional orientable submanifold of spacetime manifold X of the Type 
II superstring theory. Z is a codimension 2n submanifold of Y . Y could possess a gauge 
bundle £ with a section vanishing along Z. Now we consider a system of N± (p + 2 n) -branes 
and N2 (p+2n)-antibranes wrapped on Y . Tachyon field T of this system transforms in the 
bifundamental representation (Q^IZb) of the group U(iVi) x U(iV~2). Tadpole cancellation 
condition N\ = N2 = N implies that T actually transforms in the adjoint representation 
(□, □) of U(iV) x U(iV). In vacuum tachyon field breaks the group U(iV) x U(iV) to the 
diagonal XJ(N). Tachyon is a section of the bundle £ and it is vanishing in a codimension 
2n submanifold Z. Tachyon condensation flows the system to a configuration with N 
charges transforming in the diagonal group U(N), representing the remaining p-branes. 

The description of lower-dimensional branes wrapped on Z can be nicely described in 
terms of the pairs of brane-antibrane wrapped in Y as follows. The full formalism requires 
of the introduction of a U(iV) bundle W over Z. In order to extend the definition of this 
bundle from Z to Y several obstructions can arise. For instance, if W has trivial normal 
bundle W it can extends over Y getting an element of K(Y) given by the class of pairs 
[(£ © W, W)]. However if W does not extend over Y a more involved definition of the 
element of K(Y) has to be given using the standard tools of K-theory []I^JT5| , p!6| , p!7|| . 

Consider a tubular neighborhood Z' of Z and its closure Z. Bundles (£ ® W, W) over 
Z can be easily pulled back to Z determining so an element of K(Z). The corresponding 
tachyon field T : W — > £ <g> W defines an isomorphism when it is restricted to the boundary 
of Z' . Thus one can extend W over Y' = Y — Z' via the map T by declaring that this 
isomorphism is extendible over Y' . If W does not extend over Y' one can look for a gauge 
bundle H over Z in such a way that W © H be trivial over Z and trivial when pulled back 
to Z. Thus one can extend W © H over Y (as the trivial bundle) and extend £ © W © H 
by setting it equal to W © H over Y' . The element of K(X) is thus (£ © W © H, W © H) 
and the tachyon field is now T © 1. 
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The Spinor Description 

Global construction outlined in the above subsection in general might not exist. How- 
ever it is possible to implement the global description in terms spin bundles associated 
to the normal bundle to Z. Consider the normal bundle iV to Z in X. Assume that the 
codimension of Z is 2n. Normal bundle has structure group SO(2n). If N is a spin bundle 
it has associated two spinor bundles S+, S- of positive and negative chirality spin repre- 
sentations of SO(2n) respectively. If we suppose that the spinor bundles near Z extend 
over X, thus there are 2 n_1 pairs of 9 — 9 branes with gauge bundles S+ and S- over X. 

Tachyon field T is a map given by T : S- — > S + and it is naturally given by T = V ■ x 
where x = (x±, . . . , X2 n ), where x is an element of the tubular neighborhood Z' of Z in X. 
This tachyon map gives a unitary isomorphism in the boundary of Z' . This isomorphism 
is determined by the fact that V ■ x is unitary if x is a unitary vector. One can use this fact 
to extend this configuration over X and the results of the above subsection hold. Thus 
more generally one can look for a suitable bundle H such that S- © if is trivial over Z and 
extends over X with the final configuration given by (S+ © H, S- © H) and the tachyon 
T© 1. 



3. Equivariant K-theory Description of Branes in Orbifolds 

In the last section we gave the basic facts of the interplaying between D-branes con- 
figurations and K-theory. We consider now brane-antibrane configurations in a generic 
orbifold and its description in terms of equivariant K-theory. We will show that equivari- 
ant K-theory is the natural language to describe supersymmetric and non-supersymmetric 
brane configurations in orbifolds. 



3.1. Non-BPS States From Brane-antibrane Pairs 

Before discussing BPS and non-BPS branes in orbifolds, we briefly review the neces- 
sary requirements about non-BPS states string theory on compact manifolds. We mainly 
follow the results O|||I0]. The basic idea is the construction of stable non-BPS states 
through the construction of brane-antibrane configurations. More precisely, Sen has shown 
that wrapping branes and antibranes in cycles of some compact manifold in some Type I 
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and II superstring compactifications, world-volume theory has a tachyon mode expansion 
which survives GSO projection. Tachyon field is an scalar which has associated a negative 
potential energy which cancel the tension between the brane-antibrane pair [|7|J|. It was 
conjectured than unstabilities associated with the tachyon mode flows the system to the 
annihilation of RR charge and to an stable state admitting exact boundary conformal field 
theory description. To be more precise, for instance, in Type I theory pairs of Dl-brane- 
anti Dl-brane have a tachyonic kink potential and this system turns out to be stable and 
coincides with the SO (32) spinor state of the SO (32) heterotic theory ||. 

Pairs of Dl-strings and anti-Dl-strings compactified on the circle S 1 of radius R 
have a tachyon field of the form T(x) = ^2~!^T n e i: ^ x . At the self-dual radius tachyon 
components T± becomes massless and (in the —1 and zero picture) the vertex operators 
of the boundary CFT are respectively given by 

Vi~ 1] = - e -^ B e ± ^ XB <g> £7i (3.1) 

and 

Vi 0) = Tiip B e ± ^ XB ®(T l5 (3.2) 

where Xb is the bosonic field, $s is the bosonized ghost and iJjb is the world-sheet fermion. 
All of them taking its boundary value. <7\ = ( ^ J ^ is the Chan-Paton factor of the brane- 
antibrane pair open string sector. Brane-antibrane configuration survives Q projection and 
it does exist in Type IIB theory ||. 



3.2. Branes-antibranes in Orbifolds 

Here we describe briefly the dynamics of pairs of branes-antibranes in orbifold singu- 
larities. We present the case of a pair of D-string-anti-D-string of the type IIB superstring 



theory in a Z2-orbifold |10[ . For definiteness take the pair with world- volume along coordi- 
nates (a; , x 9 ) leaving transverse coordinates to be (x , . . . , x 8 ). Z2 group act only reversing 
the coordinates (x 6 , x 7 , x 8 , x 9 ) and leave fixed the rest of the coordinates i.e. (x°, . . . , x 5 ). 
Thus action of Z2 behaves as an A\ ALE singularity in the coordinates (x 6 , x 7 , x 8 , x 9 ). 
One can redefine complex coordinates z\ = x G + ix 7 and Z2 = x 8 + ix 9 and write down this 
singularity as C 2 /Z2- This is, of course, the most simple non-trivial example of the most 
simple class of singularities of the A-D-E-type. In order to see how the brane pairs are 
behaved at orbifold singularities we need to know how the orbifold projection is realized 
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on the Chan-Paton sector. As was shown in [[TO], the Chan-Paton / is even with respect 
the action of Z2, while the Chan-Paton factor o\ is odd under Z2-orbifold projection. This 
is essentially as transforms the tachyon field under the generator (— 1) F in ||13fl . Thus the 
tachyon is odd under the orbifold projection. We can immediately generalize the Z2 group 
to An -1 singularities generated by the group Z^ or for a generic group Yq of the A-D-E 
singularities. 

We know from the basic theory of D-branes in orbifold singularities []22|j2^1 that the 



action of Tq on the Chan-Paton factors is given by g(x(i)) = x{^{g){i)) where g is an 
element of G, 7(g) of Tc and % is the index on the Chan-Paton factors, which for the 
tachyon is o\. The tachyon field transforms under r<3-orbifold projection as 

g : T{x) — > j(g)T(x')j~ 1 (g). (3.3) 

Thus similar than the vector potential A^x), the tachyon T transforms in the adjoint 
representation of Tq under orbifold projection. 



3.3. Equivariant K-Theory Structure 

In this subsection we shall show in detail that the natural language to deal with stable 
(non-)BPS branes in Type I and II superstring theory is, as suggested by Witten jl3|], the 
equivariant K-theory. Throughout the rest of the paper we limit ourselves to work with 
Tq an abelian and discrete subgroup of some A-D-E group. 

To be the most self-contained possible we first give some basic definitions of the theory 
of equivariant K-theory. For details of proofs we encourage the reader to consult jT9| , pO| . 
Let G be a Lie group, in general G may be a topological group i. Let X be a differentiable 
manifold of finite dimension. X is said to be G-manifold if there exist an smooth action of 
G on X. A G-map between two G-manifolds is a smooth map which commutes with the 
action of the group G. Now consider a principal bundle E over X with canonical projection 
7r. A G-principal bundle Eq over the G-manifold A, is a G-map 7r which carries fibres to 
fibres linearly and projects to the action over X. A G-homomorphism Eg —>■ Fq between 
two G-bundles over A is a map which is both a bundle homomorphism and a G-map. The 
G-isomorphism between two bundles Eq — * Fq is a G-homomorphism with inverse and 



The group G does not be confused with the generic A — D — E group. 
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the inverse is also a G-map. Classes of pairs of G-bundles have a ring structure known as 
the Grothendieck ring Kq(X) or equivariant K-theory of X [ I^J2D , ^T| . 

When the group G acts trivially on X, Kq(X) factorizes just as the product Kg(X) = 
K(X)(B)R(G) where K(X) is the ordinary K-theory ring and R(G) is the ring of irreducible 
representation spaces of G. Let Vi be the i — th component of the irreducible vector space 
representation. For trivial actions Eq can be written as Eg = (BiHorriG(E_i, E) ®E_i where 
is the trivial bundle E_ { = X x Vi. 

One of the properties of Kq(X) we will use in this paper is the concept of space of 
sections of a G-bundle or G-section space. Let C(E) be the space of sections of an ordinary 
bundle E over X , C(E) has the structure of a vector space and if X is compact C(E) has 
in addition the structure of a Banach space. Now in the case of we have a G-bundle Eg, 
in addition we have an induced action of G on its space of sections C(Eq). This action is 
continuous an it is given by (g ■ s) (x) = g ■ s(g~ 1 ■ x) with g G G and s G C{Eq) ■ To see that 
this action is continuous consider the sequence of maps: G x C(Eq) x X — > G x C(Eg) X 
X -> G x E G -> E G given by (g,s,x) i-> (g,s,g- l x) i-> (g 1 s(g~ 1 x)) i-> (g ■ s)(x). Each 
map is continuous and as composition of continuous mappings is also continuous therefore 
this action is continuous. Action of G over C{Eq) induces the group homomorphism 
J : G -> Aut(C(E G )). 

Let X/Tg be the ten-dimensional spacetime orbifold and let W/Tq be a Tq- 
submanifold (of dimension p + 1) of X/Yq- Let j : VF/r^ >■ X/Yq be an embedding 
of W/Yq into X/rc which preserves the action of Tq. Branes or antibranes can be now 
wrapped on W/Yq- Thus the world- volume spectra on W/Yq come from the dimen- 
sional reduction of the corresponding string theory in ten dimensions with an additional 
orbifold projection. The spectra can thus be encoded in a quiver diagram as usual in 
brane theory in orbifolds |]22| , p3| , |26| , |27[| . The theory on the world- volume W of N branes 
(or antibranes) wrapped on W is described through Chan-Paton bundles which are given 
by Ylu^iNn^) bundles E over W. in the case of Type II superstring theory and by 
SO (iVn M ) x Yin SU(A?"n M ) for the Type I theory, here is the dimension of the i? M 
regular representation of Yq- Gauge fields from the vector multiplet defines a connection 
A on the corresponding Chan-Paton bundle. This connection satisfies, as usual, the orb- 
ifolding condition A(x) = ■y(g)A(x')'~f~ 1 (g), with j(g) G Yq- Just as in the smooth case, 
GSO projection cancels tachyonic degrees of freedom leaving only the quiver structure of 
the vector multiplet and hypermultiplets. 
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When we consider both coincident branes and anti-branes wrapping on W/Tq tachyon 
is still preserved by GSO projection (as we have seen in the above subsection) and the vector 
multiplet is also projected out as the smooth case. In other words, in non-pathological 
cases, r<3-action commutes with GSO projection. As we saw in the above subsection 
tachyon field T is required to satisfy the condition T(x) = r y(g)T(x')'y~ 1 (g) with 7(g) 
being an element of Fg ■ 

In terminology of equivariant K-theory, orbifold spacetime X/Tq are seen as a Fq- 
space i.e. spacetime X with the action of Tq over X. Chan-Paton bundles are T^-bundles 
Et g over X where the projection map preserves the action of group Tq. The tachyon 
field T can be seen as a T^-map bundle T : Fr G — > Er G - Equivalently, tachyon can be 
seen now as a T^-section (up to a constant) of the T^-bundle (E ® F*)-p G - The way that 
tachyon field transforms under Fq given in (|3.3| ), is nicely explained by a consequence of 
r^-section definition as follows. 

Let C((E <S> F*)r G ) be the space of T^-sections defined as the space of sections of the 
r G -bundle (E ® F*)r G . The group T G acts on C((E ® F*)r G ) given by 



( 7 (<7) ■ T){x) = -y(g) ■ T( 7 -\g) ■ x) = 7 (g) ■ T ■ 7 " 1 ^)(x) (3.4) 

with 7(0) and T being elements of Tq and C((E* <S> F)r G ) respectively and x G X. The 
action of T^j on sections C((E ® F*)r G ) induces also a group homomorphism between 
and Aut(C((E ® F*) Tg )). 

When one is considering pairs of 9 — 9 branes on orbifold singularities similar state- 
ments of the smooth case flTBi are still valid. Creation and annihilation of 9-branes in 



orbifolds is described by a T^-bundle Hr G over X . So, still conservation of total charge, 
now including mirror images under To, leads to make the identification of pairs of bundles 
(Er G , Er a ) with (E-p G ®i?r G ,^r G ®Hr G ), as two equivalent descriptions. These condi- 
tions determine precisely an element of the Tc-equivariant K-group Kr G (X) of spacetime 
X. Thus brane-antibrane configurations in spacetime orbifold X/Tq can be described in 
terms of equivariant K-theory methods. Thus D-brane charges on an orbifold singularity 
takes values in the equivariant K-theory group of the spacetime X as suggested in [J05[ . 

In the specific case of Type IIB theories on orbifold singularities, tadpole cancellation 
leads, just as the smooth case [[13| , to the same number N\ of 9-branes and N 2 of 9-branes. 
The reason of this can be seen from the condition of equality of ranks of the gauge groups 
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^iVm^^iV^ (3.5) 

it is immediate to get N\ = N2 = N. Thus Chan-Paton bundles E-p G and Fr G are 
Y\ U(iVn M ) gauge bundles and tadpole cancellation condition implies that virtual dimen- 
sion is zero and it lies in equivariant reduced K-theory group K-p G (X). 

In Type I string theory 9 — 9 pairs on orbifolds are described by a class of 
pairs (i?r G ,-fr G ) of SC^iVin^) and n M SO(A^ 2 n M ) gauge bundles over X. Creation- 
annihilation is now described through the Yl^SO^kn^) bundle H over X for some k. In 
Type I theories tadpole cancellation condition is given by £\ -^i ? V — ^i n ^ — Eu 32??^. 
Thus condition N1—N2 = 32 holds again in this situation. Equivalence class of pairs of bun- 
dles (Er G , F-p G ) determines an element in the real equivariant K-theory group KOr G (^0- 
Tadpole cancellation N1—N2 = 32, newly turns out into equivariant reduced real K-theory 
group KOr G P0. 

Vacuum at infinity is r^-invariant, that means that it is reached by tachyon conden- 
sation preserving such a property. The reason of this is that vacuum space configuration 
of T's is always written in an U(iV) x U(iV) invariant way ||, thus U(iV) x U(iV) is broken 
down to the product group ^^(Nn^) x Yl^^iNn^). The vacuum is reexpressed now 
in an invariant way in terms or the trace in the regular representation of Fq- Equivalence 
to vacuum at infinity means that near infinity bundles E-p G and Fr G are r<3-isomorphic. 
As the smooth case, the vacuum might have some branes and therefore a non-zero class 
of K cpt r G (X) where our spacetime X is a non-compact orbifold with the generic form 
R fc x Q 10 - fc /r G . For Type I theory with F G = Ztv an abelian and discrete subgroup of 
SU(2) and Q = C 2 , tadpole cancellation is still 32 for the 9-brane charge. For fivebranes, 
tadpole constraints can be written in terms of r^j-invariant geometric terms. For instance, 
in the unbroken SO(32) theory, anomaly cancellation implies the existence of a certain 
number of fivebranes F, which is F = 24 — N for N even, and F = 24 - iV + i for iV 
odd |H| . In general there is not a choice of F to cancel anomalies and the anomaly inflow 
mechanism from the bulk should be extended to theories of branes in orbifolds ■ 

In physical applications descriptions of brane configurations in non-compact space- 
time, ordinary and reduced equivariant K-groups K cpt r G (X) and K cpt r G (X) are equiva- 
lent. And the reason of this is that the TG-invariance of the vacuum at infinity is described 
by a non-zero class of pairs of T^-bundles which is equivalent to the trivial class of pairs 
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of bundles which are r<3-isomorphic at infinity. This only is possible if the pair of Tq- 
bundles have equal rank. Thus virtual dimension is zero and ordinary and equivariant 
reduced K-groups describe the same physical situation. 

Type IIA theory involves more subtle considerations worked out in [|13| . It was argued 
by Witten in |13| that configurations of brane-antibrane pairs are classified by the K-theory 
group of spacetime with an additional circle space S 1 x X. Equivariant K-theory of Type 
IIA theory not will be discussed in the paper, however we make only some few comments. 
K-theory group for type IIA configurations is Kr G (S 1 x X). If Yq = Z 2 and this group acts 
trivially on space X and non-trivially on S 1 then Kz 2 (X) is isomorphic to K(X x S 1 /Z2). It 
is tantalizing to speculate that equivariant K-theory might be a relevant tool to generalize 
the K-theoretical description of non-BPS branes to Eg x Eg heterotic superstring theory. 



3.4- Lower Dimensional Branes on Orbifolds. Global Construction 

Up to here we have described 9 — 9 pairs of branes in generic orbifold singularities. 
However to see that the equivariant K-theory classifies also lower dimensional branes than 
9, we will attempt to implement to orbifolds the Witten's construction [13|. 

For branes of lower dimensions in orbifold singularities in type II superstring theory 



the description is similar to that given in [[L3| . However for completeness we include here 
this discussion. The key argument here is that it is possible to construct \Tg\ p-branes as 
the bound state of 2 n_1 |r<3| pairs of (p + 2n)-branes and antibranes. 

First we overview some notation. Let Zr G be a (p+ l)-dimensional (and codimension 
2n) closed orientable r<3-submanifold of Yp G . This latter is a (p + 1 + 2n)-dimensional 
T(5-sub manifold of X. Let Cr G be a T^-bundle over Yp G with T^-section vanishing along 
Zy g - One can consider a set of Ni branes and N2 antibranes wrapped on Z^ G such 
that tachyon field T is a T^-section which transforms in the bifundamental representation 
(QblZh) of the gauge group n M U(Ain M ) x W^iN^y). Tadpole cancellation condition 
implies that tachyon field transforms in the adjoint representation (□, □) of the group 
n M U(iVn M )xn M U(ATn M ). 

Now introduce a T^-bundle Wr G over Zr G with structure group ri M U(An At ). As in 
the smooth case, bundles £r G ® VVr G and Wr G determine an element of the equivariant 
K-group of Zy g ■ If Zy g has trivial normal bundle, then the group Kr G (Z) admits an 
extension to Y and we get Kr G (l^). If it does not occurs, then we use the rc-invariance of 
the vacuum at infinity T : Wr G — > £r G ® VVr G described by a r^-isomorphism of bundles 
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on the boundary of a tubular neighborhood Z' Vg of Zr G in Yp G . Thus Kr G (Z) extends to 
Kr G (Y) by declaring that this r^-isomorphism extends throughout Y^ Q — Yp G — Z' v . If it 
does not occurs, then we apply the r<3-equivariant version [T^,^D[ of the argument given in 



JTj| . One extends rather the trivial bundle Cy g <8> Wr 
(with the isomorphism given by Tq © 1) to Wr c 



Hy g because it is r<3-isomorphic 



H Ta over Yl 



3.5. Examples 

Type I zero and -1 Brane 

We consider the zero brane of Type I superstring theory. This is described, ac- 
cording to subsection 3.4 by the group KOr G (S 9 ) or the equivariant compact support 
group KO cp t r G (R 9 )- The transverse space to the zero brane is the spacetime orbifold 
TL 9 /Tq. Assume that the group Tq acts on the spatial coordinates only, R 9 leaving 
fixed the x 9 coordinate. Thus symbolically, j(g) ■ (x 9 ,x) = (x 9 , 7(fi r )2 ? 7 _1 (fi r )), where 
x = (x , . . . , X s ). x vector of the transverse space can be rewritten in terms of com- 
plex coordinates z = (zi, #2? #3? £4) G C 4 and to be more specific let Tq be the cyclic 
group Zat. Then choice an action of Zn over C 4 to be (zi, z 2 , Z3, Z4,) — > r f(g)zj~ 1 (g) = 
(e 2 ™/ N z u e- 2 ^/ N z 2l e 2 ™/ N z 3 , e~ 2 ^ N z A ). 

Thus actually we have the zero brane living at an orbifold sing ularity C 4 /r G . An 
element of KOr G (R 9 ) is given by a pair of trivial gauge bundles (Er G , Fr G ) over R 10 . The 
tachyon field T is a r^-isomorphism near infinity and it is given by T(x) = Yli=i Ti^ 1 . 
Separation of coordinates into (x 9 , x) breaks explicitly the symmetry SO (9) down to SO (8). 
Under this decomposition tachyon field reads 

T ={ f J ^ 

where T are the SO(8) gamma matrices satisfying T : — > Sp , T T : Sp — > S'f . T T 

*- G *• G *• G *• G 

is transpose to V and Sp G are the positive and negative SO(8) chirality TG-spinor bundles 

over the unidimensional space. Each Sp bundle can be trivially extended over R 9 . The 

G - - T 

system splits in two components: T\ = Tq • x and T 2 = Tq ■ x. Recall that x are the 
coordinates of the orbifold and the action of Tq on x will depends on the explicit group Tq. 
Sp a are T^-bundles and the SO(8) Dirac matrices T can be seen as r^-sections of the Tq- 
bundle (S- ® <S+)r G and according to the transformation of r<3-sections, they transform 

-> -> -> -> -> T -> 

as 7(fi r )r^47 _1 ((7) with l?i = T and T 2 = Tq . Under the combination Ta = Tq a ■ x, the 
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transformation of x and Yq implies that the tachyon field transforms correctly as given 
from Eq. (3.4) 

T A ^-y(g)T Al -\g), A = 1,2. (3.7) 

Similar to the smooth case T\ describes a set of \?g\ Dl-branes located at an orbifold 
singularity at the origin of x and T 2 describes the other set of \Tq\ Dl-antibranes located 
at the origin of the orbifold singularity. This orbifold is, as we have seen, an orbifold of 
fourfolds given by C 4 /Yg- 

On the other hand the study of the -1 brane in an orbifold singularity is very similar 
to the analysis for the zero brane. In this case the system is classified by K rG (R 10 ) with 
compact support. Now, there are two r<3-spinor bundles S^ a coming from the real spinor 
representations of SO(10). Action of Tg on x = (x 1 , . . . , x 10 ) determines a singularity of 
the type C 5 /Yq and thus there is only one tachyon field T = Y ■ x. 



3.6. Equivariant Bott Periodicity 

Equivariant Bott periodicity for KOr G -theory with compact support is given by 

KOr G (R n ) = KOr G (R n+8 ). (3.8) 

This formula tell us that \Tg\ 1-branes and \Yq\ 7-branes or \Yq\ 0-branes and \Yq\ 8- 
branes in the orbifold singularity, are related. In order to see that consider a (n — l)-brane 
wrapped on R n and let j : R n <^-> R n+8 be an embedding, n — 1 brane is living in an 
orbifold singularity of the type R 8 /rc being the coordinates x of R 8 given by the last 
eight coordinates of R n+8 . Let (E^,F^) be an element of KOr G (R n ). Tachyon field 
is a r^-map of bundles T : — > E^K The embedding j has an associated normal 
bundle with structure group SO (8). This have two TG-spinor bundles of positive and 
negative chiralities associated with the normal bundle. Using the methods of subsection 
3.4 we can extend the above pair of bundles over R 8 /]?^ and thus to get a class of pairs 
of bundles of KOr G (R n+8 ) given by (^ 0) ® (S+ ® S~ ), ^ 0) ® (S+ ® S~ )) over R n + 8 . 

J- G G G G G G 

The associated tachyon field is given by 
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As the above subsection, the system splits in two tachyonic components transforming un- 
der the regular representation of Tq and the full tachyonic field will transform under the 
2-dimensional fundamental representation of Tq. Thus we have found that Bott period- 
icity relating branes in string theory is still valid when we sit them on a generic orbifold 
singularity relating now not only these branes but also their \Tg\ mirror images under Tq. 

Bott periodicity in its equivariant version for complex K-theory is given by the natural 
isomorphism |T9| , pO| , |32[] 

K~ q (X) 9* K~ q ~ 2 (X) (3.10) 

where Kq Q (X) is defined by Kg(E 9 X) with T, q X the g-th reduced suspension of X. Thus 
equivariant Bott periodicity for complex K-theory has, as the ordinary Bott periodicity, 
periodicity equal to 2. Thus for Type IIB superstring theories there are lower dimensional 
BPS-branes each two dimensions and Bott periodicity identifies the branes with dimension 
q with branes with dimension q + 2. With G = Tq essentially the same thing occurs when 
Type IIB branes are placed in orbifold singularities of the type C k /TG with k = 2, 3, 4. As 
we have seen, the interpretation of equivariant Bott periodicity theorem is the identification 
of sets of \Tg\ (/-branes with \Tg\ (q + 2)-branes with \Tg\ the number of mirror images in 
the orbifold. Later at the end of the Section 4 we will come back to this point. 



4. Fivebranes, Small Instantons and Theories in Six Dimensions 

As we have reviewed in Type I and IIB is possible to construct some stable D-branes 
as a bound state of certain number of 9 — 9 pairs. In this section we study the description 
of stable supersymmetric Type I and IIB fivebranes in a background of nine-brane pairs as 
worked out in [ 1~3[| . Now we sit the fivebrane in an ALE orbifold singularity C 2 /Tg in the 
transverse space of the fivebrane. We have choice an ALE singularity in order to connect 
with some previous results well known from the literature but in principle its generalization 
to other orbifold singularities abelian or non-abelian is immediate. Our main claim is that 
the description of fivebrane from 9 — 9 brane pairs in orbifold singulatities are classified 
by equivariant K-theory group Kq(X) with G = Tq- We present evidence of this by 
deriving the relevant information to describe non-trivial RG fixed points on the fivebrane 
world-volume theory, through the equivariant K-theory formalism. 
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4-1. Fivebrane From Nine-brane Pairs 



As was shown in [ |T3|| , fivebranes can be interpreted in terms of nine-brane pairs. In 
Type I theory, instantons are precisely constructed from bound states of fivebrane and 
ninebranes [|3"3"| , |3"4]j . We consider four pairs of 9 — 9 branes and one fivebrane in Type 
I theory This configuration describes a small instanton of charge one and gauge group 
SU(2)=Sp(l). Instanton charge takes values in the group K(S 4 ) or K(R 4 ) with compact 
support with R 4 parametrizing the transverse directions to the fivebrane. This system 
is equivalently described by the global description of Z = S 4 . It is easy to see that the 
normal bundle N to S 4 in R 10 is a bundle with structure group SO(2n) with n = 3. Thus 
following the global constructions reviewed in Section 2, the fivebrane can be constructed 
from 2 n_1 pairs of 9-branes i.e. four pairs of 9-branes. Normal bundle is a spin bundle and 
there is a pair of spinor bundles S± associated to the positive and negative chiralities of 
SO(6) . Tachyon field is given by T = V ■ x with x = (x± , . . . , xq) are a point of the fivebrane 
world- volume. Tachyon field breaks the group SO(4) x SO (4) to the diagonal SO(4), which 
is isomorphic (locally) to SU(2) x SU(2), this group is broken by the instantons to SU(2). 

One can attempt an immediate generalization of the last paragraph. Consider a set 
of k fivebranes constructed from N = 2 n ~ 1 k pairs of 9 — 9 branes. Following [33], one can 
construct easily the configuration of k instantons with gauge group SO(iV) with N = 4k. 
Later in subsection 4.5 we will discuss with detail the K-theoretic description of the small 
instanton in an ALE singularity. 



4-2. Type IIB Instanton in an ALE Orbifold Singularity 

We now consider fivebranes located at general A-D-E type orbifold singularities of 
Type IIB theory. Orbifold singularity we deal is of the form R 4 /rc where Yq is a dis- 
crete and abelian subgroup of SU(2). Consider a configuration consisting of k fivebranes 
whose world-volume is parametrized by the coordinates (x°,...,x 5 ) located at a fixed 
point of the orbifold singularity C 2 /Tg, parametrizing the normal directions to the five- 
brane (x 6 , x 7 , x 8 , x 9 ). Fivebrane charge takes values in the equivariant group Kr G (S 4 ) or 
equivalently in Kr G (R 4 ) with compact support. Moreover, the relevant group to compute 
it is rather the K-theory group K(Z^) of the ALE space Zq, with Z^ being isomorphic to 
the minimal resolution of /Tq E3]. 
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4-3. Relation to Kronheimer-Nakajima Construction 

In Type IIB theories we have seen that an element of the equivariant K-theory group 
is given by a class of pairs of r^-gauge bundles (Er G , Fr G ) both are G'-bundles over Zq, 
with G' = n^=o U(iVn M )/U(l) where r = rank(G) and G is some A-D-E group: A r , 
D r , Eq, E-j and E 8 . Group has the regular irreducible representation R. With the 
action of n^=o U(iVn M ) over R, one can construct the associated r^-vector bundle given 
by Ri — Ey g xq/ R — > Zq. Similarly for Fr G we can construct a Tq- vector bundle Ri — 
Fr G Xc R —> Zq. One can immediately see that vector bundle £r G = E-p G Xq' Rit is very 
well known from the literature |29| and it is known as the tautological bundle. Thus we have 
found that equivariant K-group determining the charge of k fivebranes in an ALE orbifold 
singularity is equivalently described as a class of pairs of tautological bundles arising in 



Kronheimer-Nakajima construction of instantons [ 29 j i.e. Ky g (Zq) = (£r G , .?T G ) ■ These 



bundles are r^-modules given by £r G = ©^ = o^r G ^ ® where R^ = (Ro, • • ■ , R r ) are 
the irreducible regular representations of Fq, £t g h = E-p G xg/ i? M and R is the trivial 
bundle R = Zq x R^ over Zq with fiber 

In order to extract physical information it is needed to describe the K-group Kr G (Zq) 
in terms of more familiar grounds. K-theoretical description can be usually translated in 
terms of cohomological language through the famous index theorem of elliptic operators 
||35|| . To do this Atiyah and Singer used an alternative definition of equivariant K-theory 
in terms of complexes of G-bundles over G-spaces |H|[20[. To proceed further we need a 
tubular neighborhood of Zq and the Thorn isomorphism. Tubular neighborhood Z'^ of Zq in 
R 10 is familiar for us from the above sections so we will focus on the Thorn isomorphism. 
One can construct the Thorn isomorphism as follows: Start from the cotangent bundle 
T* Zq, to Zq with canonical projection n. The embedding of Zq into regular representation 
vector space R induces an embedding of T* Zq into T*R and so the Thorn isomorphism is 
given by ip : K Tg (T*Zq) -> K ra (n*(Z' c ® R C)). Also there is an embedding i : n*(Z' c ® R 
C) T*R and its corresponding inducing map z* : Kr G (7r*(Z£ <8>r C)) — > Kr G (T*R). 
Thus one can construct the Gysin map i\ : Kr G (T* Zq) — > Kr G (T*R) as i\ = i* o ip. The 
inclusion of a point P into R induces similarly the map j\ : Kr G (T*P) — > Kr G (T*R). 
Thus Tc-equivariant topological index indt : Kr G (T* Zq) — > R(Tg) is defined as indt = 
((ji) -1 ° ^)([^r G ]) where Or G is a T^-vector bundle over T*Zq. This is precisely the 



well known Atiyah-Singer T^-index formula [^5|. Equivariant Chern character ch-p G : 
K~y g (Zq) — > Hy g (Zq \ Q) is an useful tool to translate the index formula in cohomological 
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language [35]. Coincidence between topological and analytical index leads to the Atiyah- 



Singer theorem for elliptic operators D []35[ 



Ind(D) = -[ chr G (Sr G )A(Z). (4.1) 

As Z^ is a ALE manifold with non-trivial boundary S 3 /]Tg, the T^-index theorem 
has to be modified to T^-index for manifolds with boundary [j36| , |3~7|] . For twisted Dirac 
operators : C(S ,± ® £r G ) —* C(ST <g> £r G ) the above equation has to be corrected by a 
boundary term given by the rj invariant [^9[ 

Ind(D) = - £ chrJ S To) Ai Z) + ^ £ (4,) 

This formula determines the dimension of the moduli space of instantons in ALE gravita- 
tional spaces ||29|| . In cohomological terms the use of characteristic classes gives relevant 
information about the non-trivial submanifolds of the ALE space. For instance the first 
Chern classes ci(£r G /x) of £t g m with \i = 1, . . . , r form a basis of H 2 (Z^) ]29|j. Poincare 
duality determines r non-trivial homology cycles £ M = (Ei, . . . , S r ). The representation 
i? M is strongly associated to the monodromy of £r G ^ a ^ the end of Z<^, Z^. In other words 
7ri(Zoo) = Tq and consequently there are non-trivial Wilson loops at infinity providing a 
representation of into the gauge group. 



Kronheimer-Nakajima construction of instantons on ALE spaces ||29|1 , requires the 
construction of r^-vector bundle j7r G over Z^ with anti-self-dual connection, from some 
ADHM data. This bundle is of course a generalization of our friend £v G ^- Among these 
data there are two complex vector spaces V and W which are T^-modules and can be 
written as V = ©^ =0 V M ® and W = ® t ^ = qW^ <8> i?^, of dimensions k = dim(V) = 
J2n n i± v ii. an d N = dim{W) = n n w v respectively. The mentioned bundle is given by 
Jr G = Ker(Dl G ) = Coker(D Ta ) where d\ q : V © W -> U where V = (Q © V © E) Ta , 
W= {W®E) Vg and U = S+ © (V®E)r G . 

The vector «J = (wq, . . . ,w r ) contains information about the monodromy representa- 
tion coming from the limiting flat connection on the end of Zq. In this limit the bundle J 
is given by = ® r ^ =Q w^R^. 

The first Chern class of Jr G is given by c\{Jv G ) = ci(V) + ci(W) — c\(U) = 
El=o u /' Cl (^ r G/i) with Ufj, = Wfj, — J^vC^Vv where is the extended Cartan ma- 
trix C^v = 2<5^„ — a^v and a^ v is the matrix constructed from the extended Dynkin 
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diagram of the corresponding A-D-E group. a MI/ enters in the representation formula 
Rq ® = ©^ = o a /x^-R^ with Rq the fundamental two-dimensional representation of Fe- 
lt is convenient rewrite the resulting formula from first Chern class for future reference as 

Cn V v v = Wft-Uft. (4.3) 

While the second Chern class has two contributions: the ordinary contribution due to 
the non-trivial topology of Zq and that of the asymptotic behavior. Thus second Chern 
class is given by C2(Jr G ) = X^^m^^Tg /J + jTcT" ^ ne integrals of C2(Jr G ) determines 
the instanton number / = k(Jr G ) = w M^(£r G m) + {dimV) /\Fq\. 

Finally, the moduli space A4k,N of k FJ(N) instantons is the space of anti-self-dual 
Yang-Mills instantons on an ALE space. Construction of this moduli space and uniqueness 
was proved using the ADHM data by Kronheimer and Nakajima ||29|| . The dimension of 
M.k,N can be determined by the Atiyah-Patodi-Singer for manifolds with boundary p6|,|3T 
The result is dim(A4k,N) = \v^(w^ + 



4-4- Type IIB Six- dimensional Gauge Theories From Fivebranes in ALE Orbifolds 

Six-dimensional theories on the world-volume of a type IIB k coincident fivebranes in 
a general A-D-E ALE singularity and in a background of N 9-branes, have many inter- 
esting properties [p4]j25[1 . One of the most interesting is the existence of non-trivial RG 
fixed points. Some results are known but it remains to explore other descriptions of these 
points using new techniques. Important dynamical information is extracted from these 
points, which are described by a supersymmetric gauge theories with eight supercharges 
and gauge group Yi r a=o^(^ n n)- The theory without 9-branes has Af = (1,0) supersym- 
metry and their matter multiplets transforms as ia^i/QZI^, □„). In addition there are r 
M = (1,0) hypermultiplets and r M = (1,0) tensor multiplets. These come from the 
six-dimensional reduction of the ten-dimensional two-form and four-form potentials on the 
r two-dimensional cycles E M = (Si, . . . , E r ) of Zq. 

The Higgs branch of this theory is shown to be isomorphic to the hyper-Kahler quotient 
construction of Yang-Mills instantons in ALE gravitational instantons [ 22], 241J25H . First 
Chern class is realized by the integral of NS-NS B in the non-trivial cycles as J E B = 
ti^/\Fq\ with (/i = 1, . . . , r). In the first reference of |25|, it was shown that for Type I and 
II theories, worldsheet tadpole cancellation condition for instanton configurations in ALE 
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spaces implies the cancellation of gauge anomalies of the six-dimensional theory on the 
world-volume of the fivebranes. Tadpole cancellation condition fivebranes in ALE spaces 
is shown to be contained in the topological and group information of the ALE singularity 
through the formula (4.3). 

The six-dimensional theory on the fivebranes world-volume is anomaly free requir- 
ing exactly the r hypermultiplets and the r tensor multiplets to cancel anomalies. The 
anomaly coming from the r U(l) factors of n^=o U(fcTfy) are canceled by the r mentioned 
hypermultiplets. The other contribution to the anomaly is canceled by the coupling of 
the r tensor multiplets to the gauge fields. Thus a sensible description of these theories 
requires the full topological items coming from Kronheimer-Nakajima construction. From 
the point of view of equivariant K-theory, fivebranes configurations are completely classi- 
fied by the group Kr a (Z^) and as we have seen in this Section, an element of this group 
can be expressed in terms of a pair of tautological bundles providing thus a connection to 
Kronheimer-Nakajima construction. Thus all relevant topological information to describe 
anomaly free gauge theories in six-dimensions is contained as we have shown, in equivariant 



K-theory group Kr G (X) as suggested by Witten in fll~3" 



4-5. Type I Small Instantons and Six- dimensional Gauge Theories 

Now we consider type I theory of k coincident fivebranes located at general ALE sin- 
gularity R 4 /r<3 and in a background of N pairs of 9 — 9 branes. These configurations 
describe k SO(N) small instantons on the ALE space. The description of these configura- 
tions is in much as the above subsection. We only will comments the differences and make 
some remarks. In these type of theories there is two possible cases: the case with vector 
structure and the case without vector structure. We submit the reader to [|25|] for details. 
Here we only consider the case with vector structure. 

In Type I theories we have seen that an element of the equivariant KO-theory group is 
given by a class of pairs of real r^-gauge bundles (E-p G , Fr G ) both are G'-bundles over Z^, 
with gauge group G' = Yl^n Sp(v M ) x Yl^ eP SO(v M ) x Yl^ eC U(u M ) were TZ denotes real, V 
pseudoreal, C complex and C complex conjugate, representations of Tq. With the action of 
G' over R, one can construct the associated vector bundle given by Ri — Er G xq/ R Z^ 
and similar for Fr G . Once again the vector bundle £r G = -Er G x<?' R is the tautological 
bundle. Thus the equivariant K-group determining the charge of k fivebranes in an ALE 

21 



orbifold singularity is equivalently described as a class of pairs of tautological bundles from 



the Kronheimer-Nakajima construction of instantons [29 



KO-theoretical description can be translated in cohomological terms. Thus the basic 
formulas are still valid. First Chern class leads to C^ v V v = — _D M where = dim(n^) 
i.e. Vn = 2v^ for Sp(t> M ) and V M = t> M for SO(f At ) and U^). Instantons on ALE space 
are characterized by the instanton number k which come from the Chern second class 
and by the vector w = (u>o, ■ • ■ , w r ) which characterize the Wilson loops at the end of 
and satisfying the condition ^ n^w^ = 32. The theory also possesses matter as 
hypermultiplets and tensor multiplets which are associated by phase transitions of the 
six-dimensional gauge theory p5| . 

Equivariant Tq K-theory groups provide once again all topological and group theo- 
retical information to describe the Higgs and Coulomb branches of type I six-dimensional 
theory associated to small instantons. Actually this is not surprising, but what is inter- 
esting is that all relevant information is encoded from the beginning in the equivariant 
KO-theory groups. Thus we claim that K-theoretical tools enter deeply in the problem 
and may provide of a very useful tool to study and classify non-trivial RG fixed points of 
six-dimensional theories. 



4-6. AdS/CFT Correspondence and Orbifold Singularities 

In Type IIB string theory D-brane theories on orbifolds also can be realized in the 



context of the AdS/CFT correspondence |38]. It is well known the equivalence of supercon- 
formal field theories with various degrees of supersymmetry on the D-brane world- volume 
is equivalently described by Type IIB D(p — 2)-branes in orbifolds AdS p x S 10 ~ p /Tg- The 
field theory on the world-volume of a D brane probes on singularities can be determined 
using open string techniques introduced in |2^,^6[. In particular for p = 5 one have a 
theory of Type IIB D3-branes with supersymmetry on the world- volume M — 2, 1, corre- 
sponding to Yq being a subgroup of SU(2), SU(3), SU(4) respectively []39|j40[1 . Admissible 
values of p are given by the practice to be p = 3, 5, 7. 

We focus for the moment on the case p = 5, this corresponds to AdS$ x S 5 /Tg- When 
Tq is a subgroup of SU(2) of the An-i type i.e. Tq = T*n then, the field theory on 
the world-volume of n± D3 branes corresponds to a superconformal field theory in four 
dimensions with J\f = 2 supersymmetry and gauge group U(?ii)l rG L For Tq a subgroup 
of SU(3) the supersymmetry on the world- volume theory of D3- branes is M = 1 and 
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thus finite superconformal chiral gauge theories in four dimensions can be constructed 
3~9|, 4Q| , |41|j . Threebrane charge on the orbifold singularity will be enhanced by the orbifold 



projection by a factor of \Yq\ and it takes values at K(R 6 /Yq) with compact support 
or K(S 6 /rG). Gauge and chiral multiplets are determined by the orbifold projection of 
the spectrum into Yq invariant states. Thus the supersymmetry, spectra and interactions 
of the world- volume theory depends on the choice of the group Yq- Similar descriptions 
are applied to theories in two-dimensions on the worldsheet of Type IIB Dl-branes in 
orbifold singularities of the type C 4 /Yq |27],[|2|]. Here the choice of the T^y corresponds 
with different enhanced worldsheet supersymmetries. 

In general the brane charge of these systems take values at K(R p+1 /rG) with com- 
pact support or K(S p+1 /rG)- Using equivariant Bott periodicity for complex groups one 
immediately find that these groups are non-zero for odd values of p and more precisely for 
p = 3, 5, 7. Moreover just as in the previous case for the fivebrane, the additional structure 
of the Yq action of the equivariant K-theory provides the necessary tools to construct 
sensible gauge theories on the world- volume of D-branes. 

D-brane theory in orbifold singularities might be generalized to more general singu- 
larities such as conifolds. In the context of AdS/CFT correspondence the field theory of 
branes in conifolds was originally discussed in |43[ (and further studied for singular spaces 
at [[£§), where the S 5 /Y G is substituted by SU(2) x SU(2)/U(1) and in general by an Ein- 
stein manifold X. It would be interesting to pursue an appropriate description of the brane 
charges and their classification of supersymmetric D3-branes (coming from 9 — 9 pairs) in 
conifold singularities in terms of an suitable generalization of the equivariant K-theory. 



5. Brane Charge and Equivariant K-theory 

In this section we will discuss equivariant K-theory description of configurations of 
Type II D-branes in abelian ALE singularities. We give a formula which generalizes the 
formula to compute the RR charge found in [|J[5|]. First of all let us recall the Minasian 
and Moore result || concerning the basic formula for obtaining the RR charges is given 
by 



Q = ch(f l E)yjA(TX) 
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(5.1) 



where E is a U(iV) Chan-Paton bundle over a (p + l)-dimensional submanifold W of the 
spacetime X, f\ is a K-theoretic Gysin map: : K(W) — > -KT(A), A(TX) is the Dirac 
genus of X and c/i : K(X) — > H*(X) is the usual Chern character. Formula (5.1) was 
obtained from a matching between the anomaly contribution from the chiral fermions on 
the world- volume W given by 

1=1 cAY (5.2) 
Jw 

and the inflow anomaly from the bulk in such a way that the ten-dimensional theory is 
anomaly free ||||. With the definition ch(E) = trN(e :F ^ 27T ) it was shown in || that Y at 
( |5.2|) is given by Y = ch(E)j* \J A(TX) where j : W X is an embedding. 

At the presence of orbifold singularities R 10_p /Tq, with Fg an discrete and abelian 



subgroup of some Lie group, the above action is modified as [p2 

c AY 



'-W 



w 



= [ cATr( 7 ( 9 )e^) (5.3) 
Jw 

where j(g) is an element of the discrete group Fg and Tr is given by a product of traces 
of truing)) and tv N (e^/ 2 *). 

This action is valid for the case of flat spaces but is has to be modified for submanifolds 
W with non-trivial normal bundle ||. The purpose of this section is to get such a modifi- 
cation. This formula as we shall see generalizes ( |5.1|) and it is described appropriately by 
equivariant K-theory. 

To be specific consider W to be a six-dimensional cycle where iV fivebranes can be 
wrapped. Assume that these fivebranes are placed in an ALE singularity of the A-type 
and thus Fg = T*n- 

In order to see the relation with the K-theory group Kr G (X) we consider the action 
of Fq on the spacetime X = W x R 4 . For the purpose of studying fivebranes sitting in 
ALE singularity in the transverse directions of the fivebrane world-volume, the action of 
Fg on W is trivial, acting only on R 4 to get X = W x R 4 /rc. From the general theory 



of equivariant K-theory one have that W becomes a r^-trivial space [|19|j20| , pi| . Thus 
Chan-Paton bundle becomes a r^-bundle and it is given by 

r 

E = @E^®R^ (5.4) 

jU=0 
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where = Hom(R^,E) and R is the trivial bundle W x i? M with {-R M } the set of 
irreducible regular representations of Yq- In this orbifold singularity the gauge group is 
broken from U(iV) to U(-W?v)- Thus Chan-Paton bundle are obviously modified to be 

r 

Y[ U(iV?v) -> £ -> W. (5.5) 

Is well known that for the case of trivial actions, the group Kr G (W) decomposes 
just as the tensor product K(W) <g> R(Tq) where R(Tq) is the ring of regular irreducible 
representations of F G $8$$^ . 

On the other hand chiral fermions in intersections of two cycles Z = W\ D W2 leads 
to the well known world- volume gauge anomaly A |3|,|5|]. The only modification is in the 
Chern character 

A = ch TG {E l )ch TG (E 2 )A(TZ) (5.6) 

where E\ and E 2 are the Chan-Paton bundles over W\ and W 2 respectively and chr G (E) 
is the equivariant Chern character given by 

C /ir G (i?)=Tr(7(^)e^ 27r ). (5.7) 

If one rewrites the last equation in terms of properties of W and X only as in [|5| this 
leads to the modification of Y in Eq. (5.3) as 

Y -* Y< = Yei- A{TW) . (5.8) 
j'MTX) 

Thus Eq. ( p73| ) should to be rewritten as 

I w = I c A chr G (E)A(TW) 1 (5.9) 

Jw j*^A(TX) 

Following the same procedure as [|5| we lead finally to the definition of brane charge 

Q= I jJch rG (E)A(TW)) jJ= (5.10) 

Jc V J j*JA(TX) 



In the equivariant case it is still valid Atiyah-Hirzebruch theorem JTy,^0| and we get 
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(ch rG (E)A(TW^J = chr G (j\E)A(TX) (5.11) 



where j\ : Kr G (W) — > Kr G (X) is a r^-isomorphism induced by the embedding j : W ^ X . 
Thus the formula for the brane charge reads 



Q = ch Ta {j\E)y] A{TX) (5.12) 

where chr G '■ K-p G (X) — > H*(X; Q) ®R(Tq). One can further proceed specifying Tq = T^n 
and the fact that for each j(g) e Tq we have the regular irreducible representation i? M 
and for each regular representation we have a character x '■ R(^g) — > Z given by = 
trn(Rfj,(g)). As we have seen i? is of the form given by Eq. ( |5.4| ), thus equivariant Chern 
character is given by 

r 

c/ir G (£) = c/ir G ( E„ ® R^) . (5.13) 

jU=0 

Using the fact that c/ir G is a ring homomorphism between Kr G (W) and H* (W; Q)<^R(Tg) 
we get 

r 

chr G (E) = Y,ch(E^ (5.14) 

where x M = x(-R^) and ch{E^) = tr/v(e- 7 >/ 27r ). Finally, action of Gysin map on the bundle 
jiEeK Ta {W) is 

r r 

j,(0^g)i? M ) =0j,(E M )®^. (5.15) 

M=0 jU=0 

Thus the formula for the brane charge in a C 2 /r<3 orbifold singularity says that it takes 
values in the equivariant K-theory group K(X) ® R(Tq) 



Q = Y J cK3\E^\]A(X). (5.16) 

At=0 

This formula can be generalized for non-trivial action and thus obtaining that the brane 
charge can take values at Kr G (AT). 

Although we have computed the brane charge for ALE singularities, this procedure 
immediately generalizes to other singularities as C k /YQ with k = 3, 4, i.e. for threefolds 
and four folds singularities. 
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6. Concluding Remarks 

In this paper we have further investigated (no n-) BPS states on orbifold singulari- 
ties using for that the language of equivariant K-theory. The idea of describing pairs of 
D-branes in orbifold singularities in terms of equivariant K-theory was originally argued 



by Witten in [[IB] . Mathematically the relation between the ordinary K-theory and the 
equivariant ones is the additional action of a group on the spacetime X and the relevant 
Chan-Paton bundles. We have take this group action to be a discrete and abelian group 
action of Tq on the spacetime X. We have shown that this mathematical framework de- 
scribes and classifies correctly configurations of (non-)BPS branes in orbifold singularities. 
We have seen that several results of 9-branes in orbifold singularities are nicely reproduced 
in the K-theory formalism. Among them of particular interest is the result of pl |, where 



inflow mechanism for branes on singularities is shown to be play an important role. We 
have also discussed how the incorporation of lower-dimensional branes than 9, follows a 
parallel treatment given in ||13|| , in the language of equivariant K-theory. In addition in 



discussing examples we consider Type I zero and -1 branes on specific orbifold singularities. 
Moreover for Type I theory since Bott periodicity gives a correspondence between 0-branes 
8-branes and -1-branes an 7-branes (with period equal to 8), the equivariant Bott peri- 
odicity determines a map between the corresponding branes and their associated mirror 
images produced by the orbifold projection. 

We have also discussed the description of fivebranes in orbifold singularities of the 
ALE type, for Type I and IIB superstring theories. For Type IIB theory we have placed 
coincident fivebranes at a point of an ALE singularity C 2 /Tq in the transverse directions 
of the fivebranes. Following Witten results for the fivebrane ||13| , the fivebrane charge 
is determined by the equivariant K-theory group K-p G (Z^) of the ALE space coming 
from the minimal resolution of the ALE singularity C 2 /Fq. This system is completely 
determined by a pair of gauge bundles over Z^. Description of these pair in terms of 
associated pair of vector bundles leads naturally to identify an element of Kr G (^0 with 
a pair of tautological vector bundles arising in the Kronheimer-Nakajima construction of 
Yang-Mills instantons on ALE spaces |28f| . This relation is not a coincidence as we have 



shown using equivariant K-theory to get all relevant topological information which enters 
in the description of non-trivial RG fixed points of six-dimensional theories in ALE singu- 
larities |24],[25|. Similarly the description of Type I fivebrane or small instantons in ALE 
singularities [p^| , |25[| leads to the description of the charge of the fivebranes in terms of the 
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equivariant real KO-theory group KOr G (AT). The relation between both K-theory groups 
(complex and real) is a multiplication by 2|r^?|- We shown that KOr G (A^) determines also 
all data of the dynamics of the non-trivial RG fixed points of the supersymmetric gauge 
theories on the world-volume of the Type I fivebranes. 

In section 5 we have reexamined the cohomological formula to get the RR charge 
of D-branes, obtained in in the context of branes in singularities. We have found a 
formula which generalizes formula (5.1) in the context of cohomological terms of equivariant 
K-theory. 

One can study the theory in four dimensions of Type IIB theory D3-branes on R 4 x 
C 3 /r<2 where Tq being a discrete abelian or non-abelian subgroup of SU(_RT) with K = 
2,3,4. Also one could study the two-dimensional wold-sheet theory on coincident Dl- 
branes on orbifolds C 4 /Tg, where Tq is a discrete and abelian (or non-abelian) subgroup 
of SU(4) ||2711 . R would be interesting a better understanding of such theories in the context 
of equivariant K-theory describing (non-)BPS brane configurations. Finally AdS/CFT 
correspondence on orbifolds AdSk x S 10_fc /rG would be an intersting arena to study non- 
BPS brane configurations and it is tantalizing to speculate that equivariant K-theory may 
be an invaluable tool to study these configurations within AdS / CFT correspondence. The 
problem of finding an appropriate mathematical framework to generalize to [H] ^ argued 
in JTH] remains still open in our present description of branes in orbifolds. 



Very recently Horava in |45[] , has studied non-stable brane-antibrane systems in Type 
IIA theory and its relation to Matrix theory. Specifically he shown that all supersymmetric 
Type IIA D-branes can be seen as bound states of non-supersymmetric 9-branes. It would 
be extremely interesting to apply Horava results and the results of the present paper to 
study Type IIA D-branes and possibly to M-theory membranes and fivebranes in orbifolds 
following [j4~6|. 
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